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Abstract

We present a review of a few recent applications of three B-spline-based methods to atomic photoionization
dominated by multiple excitation for both single and multiple ionization channels. The emphases are given to physical
interpretation of atomic processes based on the energy variation of effective one-particle orbital functions and their
corresponding scattering phase shifts or eigenphase shifts extracted from the state wavefunctions. A number of general
features which characterize the photoionization resonance spectra and a few exceptions due to interference between
overlapping autoionization series are given.
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1. Introduction

Shortly after the successful quantitative demonstration
of the application of B-splines by Johnson et al. (1988)
in a relativistic many-body perturbation theory (MBPT)
calculation, Chang (1989a, b) had shown that the B-
spline-based orbitals can also be employed effectively in
non-relativistic configuration-interaction (CI) calcula-
tions. Froese Fischer and her co-workers (Froese
Fischer and Idrees, 1990; Brage et al., 1992; Froese
Fischer, 1993) had independently applied the B-splines
to the continuum with success. Other earlier works
employing non-relativistic B-spline-based orbitals in-
clude calculations by Chang (1990, 1993a), Tang et al.
(1990), Chang and Wang (1991a, b), Chang and Tang
(1991, 1992), Chen and Hsue (1992), Chen (1993), van
der Hart and Hansen (1992a, b, 1993), Chang and Zhen
(1993), Chang and Zhu (1993), Tang and Bachau (1993),
Cormier et al. (1993), Xi et al. (1993), and Decleva et al.
(1994). Extension to the relativistic CI procedure was
also carried out by Chen et al. (1993).

Other existing theoretical approaches for multiple
excitations in continuum include the multi-channel
quantum defect theory (MQDT) with empirical mixing
parameters. MQDT is perhaps one of the most efficient
approaches in the systematic interpretation of interac-
tion between two or more interacting excitation channels
(Seaton, 1966; Lu and Fano, 1970; Lu, 1971; Lee and
Lu, 1973). An ab initio MQDT application requires an
accurate quantitative determination of the MQDT
parameters from the low to intermediate excited states
which are strongly affected by short-range multi-
electron interaction. Early attempts using the close-
coupling approach (Dubau and Wells, 1973; Thompson
et al., 1974; Norcross and Seaton, 1976; Mendoza, 1981)
had led to varying degrees of success. The extension of
the eigenchannel R-matrix method has provided a direct
calculational procedure for the determination of the
MQDT mixing parameters (Greene and Kim, 1987;
Aymar et al, 1996; Pan et al., 1996). Extensive
applications of the eigenchannel R-matrix method
(Robicheaux and Greene, 1993a, b; Wood and Greene,
1994) to the study of the autoionization series in heavy
metal atoms were reported with success. Efforts were
also made to include the effect of radiative damping
when the non-radiative autoionization is comparable to
the radiative decay (Bell and Seaton, 1985; Robicheaux
et al., 1995). An alternative and more straightforward R-
matrix calculational procedure was developed by Burke
and his co-workers (Burke, 1993). Its ability to provide
reliable atomic structure calculation were demonstrated
using the R-matrix with pseudostates method in a few
earlier applications (Bartschat et al., 1996; Hudson et al.,
1996). Following the adiabatic hyperspherical coordinate
method developed by Macek (1968) and Lin (1976, 1984,
1986), Sadeghpour and Greene (1990) derived a simple

expression which yields the positions of dominant
resonances for H™. An adiabatic hyperspherical ap-
proach was proposed by Starace and his co-workers to
study the multi-photon detachment processes in two-
electron systems (Liu et al., 1992; Du et al., 1993). Also,
a close coupling hyperspherical method was formulated
to study the doubly excited resonances in two-electron
systems by Tang et al. (1992, 1993), Zhou and Lin (1994)
and Tang and Shimamura (1995).

In addition, Froese Fischer and her co-workers
extended the multi-configuration Hartree—Fock (MCHF)
approach to include the continuum wave function
corresponding to the ionization channel at energies near
the doubly excited resonances in their photoionization
study of the 'P autoionization series of Mg (Froese
Fischer and Saha, 1987) and the autoionization rate of
three-electron systems (Miecznik et al., 1993). Other
MCHF applications to atomic structure calculation
include the works by Vaeck et al. (1991) and by Kim
et al. (1997a, b). Altun and Manson (1996) extended the
MBPT approach to photoionization from excited atoms.
Alternatively, Moccia and Spizzo (1985, 1987, 1990,
1991) successfully developed an L? calculational proce-
dure to represent the continuum spectrum of two-
electron and divalent atoms by using a set of elaborate
basis functions including a modified Slater-type-orbital
with an explicit cos(kr) dependence. Other L? approach
for studying of multiple excitations includes the saddle-
point complex-rotation method by Chung and Gou
(1995).

Although the detailed calculational procedures may
differ in these theoretical approaches, the success of all
these approaches depends largely on their ability to take
into account the strong short-range multi-electron
interactions. In this paper, we will review a few B-
spline-based methods and their applications to atomic
photoionization dominated by double excitations. What
make the B-spline-based approach attractive are a few
important features. First, with an equal amplitude for all
B-splines uniformly spread over the entire space between
r=0 and r = R, it offers a unified approach which is
equally effective in studying the discrete states (including
the highly excited bound states) and continuum spectra.
The bound-bound and bound-continuum transition
matrices can be evaluated at the same time within a
single calculation. Second, the use of a pre-determined
quasi-complete set of one-particle orbitals eliminates the
need of any a priori procedure in selecting the
parameters for the exponential functions required in
many other L? based CI calculations which often depend
upon non-trivial treatment to minimize the linear
dependence embedded in the choice of basis functions.
In our B-spline-based approach, the transition matrix
can be evaluated without the presence of non-vanishing
overlap between orbital functions due to the rigorous
orthogonality (often up to 102 or better) between
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one-electron radial functions. Although this choice of
basis functions requires intensive computationally
effort, it nevertheless simplifies tremendously the nu-
merical algorithm. Consequently, it is much easier to
take advantage of the parallel computing environment
which has become increasingly easy to manage. Third,
the individual contribution from multi-electron interac-
tion corresponding to different configuration combina-
tion can be conveniently identified and estimated. For
transitions dominated by the double excitations, the
resonant structures can be linked directly to the
excitations of individual electrons. Also, the energy
variation of the effective orbital functions &,; of the
excited or ionized electron, defined by Eq. (10) of Chang
and Tang (1991) or Eq. (50) of Chang (1993b), can be
extracted explicitly from the massive CI calculation. The
widths of the resonances are determined from the
calculated energy variation of the scattering phase shifts
for a single ionization channel and the total eigenphase
shifts for multiple ionization channels. As a result, it can
easily lead to detailed physical interpretation of the
transition processes.

In Section 2, we will review briefly three B-spline-
based theoretical methods: (i) B-spline-based configura-
tion interaction (BSCI) method for single channel
photoionization, (ii) B-spline-based K-matrix (BSK)
method for multi-channel photoionization, and (iii) B-
spline-based complex-rotation (BSCR) method, also for
multi-channel ionization. A number of applications of
these three methods will be discussed in Section 3. In
Section 4 we will comment on the future direction and
the works currently in progress.

2. Theory

All three B-spline-based methods discussed in this
paper starts with a quasi-complete set of discretized one-
particle functions y,,(r) corresponding to an electronic
orbital n/ with an orbital angular momentum / but
variable energy (both negative and positive) defined by
an effective one-particle hamiltonian /<%, ie.,

h7fan/ = &nl Yl (1)

with a boundary condition that y,,(r = R) = 0. A set of
N B-splines B x(r) of order K (de Boor, 1978) is defined
inside a sphere of radius R. In all three B-spline-based
methods discussed in this section, the solution y,; is
expanded as

N
1) = CiBi(r). (&)

where the index K is dropped for simplicity.
The hamiltonian matrix is typically constructed

with J-dependent basis function wfl,lq,,z,z,m(ﬂ,?z,...),
which is characterized by an electronic configuration

(ml1,mb,...) and a set of quantum numbers Q =
(SLJMj), where S, L, J, and M, are the total spin, the
total orbital angular momentum, the total angular

momentum and its corresponding magnetic quantum

Q

number, respectively. The basis function ¥, ; ..,

represents a sum of J-independent basis function
Y over all Mg and M, where A = (SLMsM)

nyly,mb,...
is a set of quantum numbers S, L, Mg, and M. Mg and
M are the magnetic quantum numbers of S and L,
respectively. Within the central field approximation, the

. . A
basis function ¥, ; ..,

is expressed as a sum of n-
particle Slater determinant wave functions correspond-
ing to the configuration (n,/y,n2/l, ...) over all magnetic
quantum numbers with an appropriate angular momen-
tum coupling. The Slater determinant wave functions
are constructed in the usual form as the product of one-
particle orbitals with its radial function given by Eq. (1).
A more detailed discussion of y(r) is given elsewhere
(Chang and Tang, 1991; Chang, 1993b; Fang and

Chang, 2000).

2.1. B-spline-based configuration interaction (BSCI)
method

The applications of the BSCI method in the past
decade have offered a number of interesting physical
interpretations of the structure profiles dominated by
multi-electron interaction in single channel photoioniza-
tion for two-electron and divalent atoms. The detailed
theory was first developed by Chang and Tang (1991)
and subsequently reviewed by Chang (1993b). The
photoionization cross section ¢ is given by

Ano
o= k%fEI, (3)

where k is the momentum of the ionized outgoing
electron, o is the fine-structure constant, and fgy is an
effective oscillator strength for transition from the initial
to final state detailed elsewhere (Chang, 1987; and
Section 2.4 in Chang, 1993b). The amplitude 4 and the
scattering phase shift J, are evaluated by fitting the
calculated effective one-particle orbital function &,(r) to
its corresponding asymptotic expression at large r, i.e.,

k12

&) >4 [—] sin[¢(r) + o] “)
Q)

As r— o0, {—>k and

¢—>(kr+%ln(2kr)f%r+5c>, (5)

where Q is the effective nuclear charge experienced by
the outgoing electron and d¢ is the Coulomb phase shift.
At an energy close to a doubly excited resonance, the
scattering phase shift d,(E) increases rapidly by a total
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of 7 and follows an expression given by

)

E—E

2
5/(E)=>_ aE +tan”' (6)
i=0

The resonance energy E; and the width I" are determined
by a least-square fit of the calculated energy varying
d/(E) to Eq. (6). Detailed computational procedures are
given in Chang (1993b).

The numerical works required in a BSCI calculation
consist of four key steps. The first step solves a set of
one-particle integral differential equations with non-
local terms (such as a Hartree—Fock equation). The
computer code was developed using the procedure
detailed in Chang (1993b), which requires little CPU
memory or time. The second step evaluates a hamilto-
nian matrix of a size often up to 10,000 or greater. The
value of the individual matrix element, which represents
a two-variable integral over a two-body Coulomb
interaction is in general small but non-zero and, as a
result, the matrix is non-sparse. The calculation is
performed by dividing the matrix into a large number
of sub-matrices of a size of 100 to 200 each. On a single-
node CPU, these sub-matrices are calculated sequen-
tially, although, in principle, they are independent of
each other and can be evaluated individually. The
extension to parallel computing environment speeds up
this step substantially. The third step involves the
calculation of a limited number of energy eigenvalues
and their corresponding eigenvectors by diagonalizing
the non-sparse matrix generated in the second step. A
direct diagonalization using the standard code on a
single-node machine requires a RAM approximately
two to four times the size of the matrix, or, 2-4 GB
RAM or more in our BSCI applications. This memory
requirement exceeds a typical 1-2 GB RAM available
on a standard single-node CPU. To circumvent this
obstacle, a two-step diagonalization procedure with a
memory requirement about half the size of a real and
symmetric non-sparse matrix was developed. Details of
this procedure are given elsewhere (Chang, 1993b).
Although the memory requirement is substantially
reduced, substantial RAM is still needed for a typical
calculation. In general, the parallel computing environ-
ment does not offer substantial advantage for matrix
diagonalization. However, one of the distinct features of
the two-step diagonalization procedure is its ability to
evaluate each set of eigenvalue and its corresponding
eigenvector individually. In other words, it offers a very
attractive computational alternative. The matrix can be
stored distributively on each of the CPU in a multi-node
cluster to meet the memory requirement. The evaluation
of each set of eigenvalue and its corresponding
eigenvector can be performed individually on each
CPU while the input matrix is shared by using the
standard MPI (message passing interface) technology in

parallel computing environment. The fourth step in-
volves the calculation of the transition amplitude and
the cross section. It can be performed on any single-node
CPU.

2.2. B-spline-based multichannel K-matrix (BSK)
method

For multi-channel photoionization, Fang and Chang
(2000) has successfully extended the BSCI method
following the usual K-matrix approaches (Starace,
1980; Carravetta et al., 1993). An eigenchannel, desig-
nated by a channel index I' at a total energy E, is given
as a linear combination of individual open channel
wavefunctions |®, ), i.e.,

IFEY =3 19,5 Uy, r(E) cos np(E), (7)

7o

where U, r(E) is an orthogonal transformation matrix
at an energy F and the eigenphase shift 1 represents the
interactions between |®, g). Similar to the normal
modes of a complex system, the eigenchannels are
intimately related to the dynamics of the atomic process,
although they do not in general represent directly the
individual atomic states.

The eigenstate |[[E) satisfies the orthonormality
relation

(I'E'\TEY = 6p:0(E' — E). (8)

The transformation matrix U, r(E) and the eigenphase
shift nj are obtained by diagonalizing the on the energy
shell K-matrix, i.e.,

> WEIK(E)RE) Uy = =1 tannp U, r, ©)
-

where the K-matrix, expressed as a set of coupled
integral equations, is given explicitly by Eq. (11) in Fang
and Chang (2000). Similar to the increase of the
scattering phase shift by a value of = across a resonance
embedded in a single continuum, the sum of the
eigenphase shift over all eigenchannels, i.c.,

Mot = D1, (10)

also increases by a total of n as the energy increases
across an isolated resonance. As a result, the total width
of a resonance can be calculated from the energy
variation of n,;.

Following the detailed procedure outlined in Fang
and Chang (2000), the total photoionization cross
section oy is given by the sum of the partial cross
sections over all open channels, i.e.,

Otot = Z o,. (11)



T.N. Chang, T.K. Fang | Radiation Physics and Chemistry 70 (2004) 173—190 177

The partial cross section in unit of a3 for each open
channel y is given by

o, = 4n’ofr, (12)

where the effective oscillator strengths f,; from an initial
state I, corresponding to length and velocity approx-
imations are given by Egs. (22) and (23) in Fang and
Chang (2000), respectively.

2.3. B-spline-based complex-rotation (BSCR) method

The complex-rotation method offers an attractive
alternative in the calculation of the resonance energies
and widths for atomic resonances. By using a complex
scaled hamiltonian (Ho, 1983) or a set of complex
basis functions (Rescigno et al., 1978; Rescigno and
McCurdy, 1985), the problem of finding resonance
states is reduced to the solution of a complex
eigenvalue problem, where the technique of bound-state
configuration interaction can be used. Recently, the
complex-rotation method has also been applied to the
study of doubly excited resonances in the presence of an
external electric or magnetic field (Fang and Ho, 1999).

The first application using complex basis functions to
photoionization in a multielectron atom was carried out
by Rescigno (1985). Instead of a complex scaled
hamiltonian, B-spline-based complex basis functions
are used in BSCR method to circumvent the difficulties
encountered on the rotation of the radial coordinates in
the hamiltonian (Fang et al, 2002). In the radial
function of the outer electron in each open channel,

the radius r is replaced by r—re i, or,

N
wre ) =" CiBi(re ™), (13)
i=1

whereas for the closed channels, the hamiltonian
remains real. At large r, numerically, the complex radial
function y diverges as a hyperbolic function. This
difficulty is removed by the introduction of an expo-
nential decay factor f in a modified complex radial
function, i.e.,

N
ey =" CBi(re ™), (14)
i=1

where B; = B;(r)e#". Following the usual complex
rotational method, one first constructs the complex
hamiltonian which is readily solved for the complex
eigenstates ¥,(0) and the complex eigenvalues E,(6). The
photoionization cross section from an initial state @,
with energy Ej is given by (Rescigno, 1985)

where AE = E — E, is the transition energy. In the
length approximation, the dipole operator D = &- (| +

75) and w =1 and in the velocity approximation, D =
é-(@l + 62) and w = —1, where & represents the light
polarization.

The exponential decay factor f§ is determined by the
condition

a|Em(0)|> 0 6
( op B=B, ’ 10

where E.s(0) = E, —il'/2 is the complex resonance
energy and I' is the corresponding resonance width.
The success of the BSCR method depends largely on the
stability of the value f§, as 0 varies. One of the key
advantages of the BSCR method is its ability to achieve
the same numerical accuracy as the BSK method with a
substantially smaller size in basis functions for the
hamiltonian matrix. More details of the BSCR method
are outlined in Fang et al. (2002).

3. Applications

The single channel photoionization dominated by an
isolated doubly excited resonance may be conveniently
described by the Fano formula (Fano, 1961) in terms of
an asymmetry parameter ¢ and the smoothly varying
background cross section oy, i.c.,

(q+¢)’
a(E) = oy T2 17)
where ¢ = (E — E;)/(3T') is the reduced energy defined
in terms of the energy E. and the width I' of the
resonance. The cross section ¢ is expected to reach its
peak value omax = op(1 + ¢%) and a zero at energies

Emax = Er +%(F/61) and Emin = Er - é(rq), (18)

respectively. The asymmetry parameter ¢ measures
qualitatively the interference between transitions from
initial state to final bound and continuum components
of the state wavefunction. If the contribution for
transition from the initial state to the bound component
(i.e., bound-to-bound, or B-B transition) of the resonant
state is very small in comparison with the one for the
transition to the continuum background (i.e., bound-to-
continuum, or B—C transition), ¢ is very small and a zero
cross section is expected either at or near E,. The
structure profile for such a resonance is often known as a
window resonance. In contrast, if the photoionization is
strongly dominated by the B-B transition, the ¢ value is
large, and a more symmetric resonance structure is
expected. For an intermediate ¢ value, the contributions
from B-B and B-C transitions are comparable and the
resonant profile is generally asymmetric. Unlike the ¢
parameter, the resonant width I, which measures the
interaction strength between the bound and continuum
components of the state wavefunction and in turn,
determines the non-radiative decay rate of a resonance



178 T.N. Chang, T.K. Fang | Radiation Physics and Chemistry 70 (2004) 173—190

through autoionization, is independent of the transition
process.

Except for a few examples to be discussed in Section
3.2, the single channel ground state photoionization, in
general, exhibits similar structure profile along the same
autoionization series. For a two-electron atom or a light
alkali-earth atom, as the effective principal quantum
number v increases, the resonance width I" decreases as
v~3. For higher angular momentum states, the resonance
widths could be very small and the average lifetime due
to autoionization for the doubly excited resonance could
be comparable or longer than the radiative process. In
other words, the decay of the resonance may be
dominated by the radiative process similar to a bound
excited state, instead of the usual autoionization.

For multi-channel photoionization, due to the pre-
sence of multiple ionization paths, the decay of the
resonance is always non-radiative and dominated by the
autoionization. In addition, the structure profile may
change substantially along the same autoionization
series due to the interaction between overlapping
autoionization series. In fact, the overlap between
resonances could be nearly complete and, without the
detailed analysis based on theoretical calculation, it is
virtually impossible to resolve such overlap experimen-
tally. In this section, we will present a number of general
features and exceptions based on detailed calculations
using the B-spline-based methods reviewed in Section 2.

3.1. Window resonances

The near-symmetric structure profile of a window
resonance can often be attributed directly to the near-
zero contribution from the B-B transition. In general,
the transition amplitude due to the B-C transition as a
function of energy changes sign near the resonance
energy E, as the effective one-electron orbital function
for the outgoing ionized electron changes sign due to the
rapid increase of the scattering phase shift by a total of ©
across the resonance. A text book example can be found
in the ground state photoionization of Be atom or Be-
like ions to the 2pn(=3)s' P resonant series (Chang and
Zhu, 1995). Fig. 1 presents the energy variation of the
effective oscillating orbital functions &,,(r) across the
2p5s' P resonance of Be-like C IIT near the resonance
energy at ¢=k*>=0.17989Ry. The scattering phase
shifts J, are also given. The dominant B-C contribution
to the transition amplitude can be estimated by the
corresponding 2s—¢p one-electron dipole matrix ele-
ments ¢, |r|y > as a function of energy shown in
Fig. 2. The contribution from the B-B transitions is
small in comparison. This can be understood by
considering the composition of the ground state of Be-
like atom, which is approximately represented by a
mixture of a dominating 2s*> configuration and a small
mixture of 2p® configuration. Two processes are

k? = 0.16542 Ry
dgp = 0.0504
8, =0.828

k? = 0.17108 Ry
dgp= 0.0415
5,=0.828

k? = 017523 Ry
dgp= 0.0275

dg, = 0.0145

k? = 0.18004 Ry
dgp= 0.0007
b, =2.007

k? = 0.18196 Ry
d g =-0.0106
8, =2.007

k2 = 0.18490 Ry
dgp=-0.0254
8, =2.890

k? = 0.18942 Ry
dgp=-0.0398

Eep ()

k2 = 0.19595 Ry
d o =-0.0490
8p = 2.851

r(ao)

Fig. 1. The energy variation of the effective oscillating orbital
functions &,,(r) across the 2p5s' P resonance of Be-like C IIT at
e=k?>=0.17989Ry. The dipole matrix element dyy, =
{&yplriéay > and the scattering phase shifts J, are also given
(Chang and Zhu, 1995).

T T T T T
0.06 |- .
- 1 -
5 004 (2p5s) 'P
= ooz} l g
Ry
~ 000
& 02} .
ap
> 004 | .
-0.06 |- i
1 1 1 1 1

0.15 0.16 017 0.18 019 0.20 0.21
k* (Ry)

Fig. 2. The energy variation of the dipole matrix elements
{&eplrléas ) near the 2p5s' P resonance of Be-like C I shown in
Fig. 1.

expected to contribute to the B-B transition amplitude.
First, the contribution from 2s* — 2pn(>3)s is generally
very small due to the simultaneous change of electron
orbitals of two electrons. Second, the transition from the
small 2p?> mixture to 2p n(=3)s corresponds essentially
to a 2p—n(=3)s one-electron process and its near zero
transition amplitude is expected from the very small
oscillator strength known for the 2s2p' P—2sn(>3)s'S
transition for Be and Be-like ions (Chang and Mu,
1990). Consequently, the near-symmetric photoionization
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structure profile for a typical window resonance results
from two qualitative features involving the dipole matrix
elements  {&ylr|o,». First, the photoionization is
dominated by the 2s—e¢p B-C transition. Second, a
near-constant amplitude 4 of the oscillating orbital
functions away from the resonance energy E; shown in
Fig. 1 is responsible for the near-symmetric dipole
matrix elements shown in Fig. 2, and it ultimately leads
to the near-constant cross sections on both sides of the
resonance.

We have also identified in our BSCI photoionization
calculation a narrow 3p6g' F window resonance for AI*
from bound excited 3sv;d' D state, which, in contrast, is
dominated by the B-B transition and radically different
in nature from the one discussed above. This narrow
3p6g'F resonance shown in Fig. 3 is located on the
higher-energy shoulder of its corresponding broad
3s6d'D—3p6d'F  resonance dominated by the
3svid' D —3pvd'F shakeup process involving the outer
d electron following the 35— 3p core electron excitation
(Fang et al., 1997). Qualitatively, the 3sv;d! D initial state
interacts strongly with the 3pp and 3pf configuration
series and the 3s¢f'F continuum mixes substantially
with the 3pd and 3pg configuration series. Below the
1522522p%3p? P threshold, the photoionization spectra
feature two autoionization series, i.e., a broad 3pnd'F
and a narrow 3png'F series. The contributions to the
total transition amplitude Ff‘l are dominated by four
processes: (i) 3sv;d—3sef (a B—C transition with
transition amplitude given by Fu~ (&, 4lrlEy D), (D)
3svid—>3pvd (a  shakeup B-B transition with
Fi~ (il > <Enaléua>)s (i) 3pvip—3pvd (a B-B
transition with Fy~ (¢, ,[rlé,s>), and (iv) 3pvf —3pvg
(a B-B transition with Fj~ (&, f[r|¢,,>). The outgoing
photoelectron is represented by the effective one-particle
radial function ¢,,. The outer v/ electron of the bound
component of the 3pv/!F resonance is similarly repre-
sented by a radial function ¢,,. For transition from the
highly excited 3sv;d' D states, the spectra are dominated

400||||||||||||||||||||||||

Al* 3s6d 1D to 'F Photoionization

300

100

G (Mb)
g
T NT T T T T T T T T 1 T 11

0 I I T T T T T R S T S T T |

1825 1835 1845 1855 1865 1875
A (A)

Fig. 3. The 3s56d'D—3p6d'F photoionization of AI* (Fang
et al., 1997).

by the Av = 0 shakeup process of the outer d electron
following the 35— 3p core electron excitation. According
to our BSCI calculation (Fang et al., 1997), a detailed
breakdown of individual contributions to total Ff‘i,
shown in Fig. 4 for the four processes listed earlier,
indicates a strong dominance of the B-B shakeup
process in the AI* 3s6d'D—3pnl'F photoionization.
Specifically, its transition amplitude is given by
sy > <6vialéva>. Whereas the effective orbital
function &g,4, which represents the outer 6d electron of
the initial state, is energy independent, the effective
orbital function &gz; for the outer 64 electron of the
broad 3p6d'F resonance varies significantly as energy
varies near the narrow 3png'F resonance. In fact, as
shown in Fig. 5, similar to the sign change of the
oscillating function &, for the outgoing photoelectron
(due to the increase of the scattering phase shift by a
total of m across the resonance), the sign of &g, is also
reversed as energy increases across the narrow 3png'F
resonance at E; = 0.379975Ry. This sign change in &gy
leads directly to a sign change in the overlapping integral
{&6,alé6a >, 1.€., a zero in the total transition amplitude
Ff‘i, and ultimately the narrow 3png'F window reso-
nance. Also shown in Fig. 5, as expected, the energy-
dependent amplitudes of both £s; and ¢, reach a near-
zero minimum as the 3pg configuration series accounts
essentially 100% of the spectral density at the 3png'F
resonance near Ey.

3.2. Variation of structure profiles along the
autoionization series

For transition from bound excited states, our BSCI
calculation has shown that the photoionization structure
profiles could vary substantially along the autoioniza-
tion series. For example, Fig. 6 shows that in photo-
ionization from excited 3sv;d' D states of Mg-like A/,
the cross sections near the neighboring 3pvg'F
resonances on the higher energy side of the dominating
Av =0 3sv;d'D—3pvd'F resonance are consistently
greater than the ones on the lower energy side. Similar
feature is also found in spectra such as the ones in the
3sv;p' P— 1D photoionization of Mg (e.g., see Fig. 9 of
Fang et al., 1997). A breakdown of the individual
contributions to the total transition amplitude
Fft; from the four processes discussed earlier for the
Al* 3s6d'D—'F photoionization near the 3p5/ and
3p7I'F resonances is shown in detail in Fig. 7. It shows
that the transition amplitude for the 3sv;d —3s¢f B-C
direct transition, i.e., <&,4[r|C, >, changes its sign twice
due to the sign change of the effective oscillating
function &, as the scattering phase shift increases by a
total of & twice as energy increases across the 3pvd and
3pvg' F resonances, respectively.

For the 3sv;d — 3pvd B-B shakeup process, the energy
variation of the transition amplitude Fj; is determined by
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(1991), for the 3sf ionization channel (Fang et al., 1997).

the overlapping integral O,,, = {¢,41&,s> between the
effective radial functions of the initial and final d
electrons. Following our earlier discussion, the integral
O,,, changes its sign due to the sign change of the
effective final state radial function ¢&,; at the 3pvg'F
resonance. In addition, the final state radial functions
¢,q expands slowly outwards as energy increases. Except
for the Av =0 transition, O,,, changes its sign at an
energy close to the center of the 3pvd'F resonance due
to the quasi-orthogonality between the initial and
effective final state radial functions of the outer d
electrons as shown in Fig. 8. In other words, whereas the
transition amplitude Fj; for the B-B shakeup process
changes sign only once near the 3pvg! F resonance for a
Av = 0 transition, it changes sign twice for all Av##0
transitions, i.e., once at the 3pvg' F resonance due to the
sign change of the radial function &,; of the outer d

electron and a second time near the 3pvd' F resonance
due to the quasi-orthogonality between the initial and
final state effective radial functions. At energies near the
broad 3p7d' F resonance above the dominating shake-up
structure, the constructive contribution due to the B-B
3sv;d - 3pvd shakeup process does not qualitatively
change the general features of the total transition
amplitude F}; from the 3sv;d —3sef direct B-C transi-
tion. Consequently, the 3p7d'F resonance is character-
ized by a typical window resonance with a near-zero ¢
parameter. In contrast, in the vicinity of the 3p5/'F
resonances, the transition amplitude is strongly affected
by the destructive interference between the B-C and B-B
contributions as shown in Fig. 7. As a result, the change
in resonant features below and above the Av=0
dominating shakeup structure can be attributed directly
to the switch from destructive to constructive
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interference due to the difference in the number of sign
changes between the transition amplitudes of the B-B
and B—C processes as energy increases.

Another example which exhibits strong variation in
resonant profile, based on our BSCI calculation, is
found in photoionization from He 1s2s'S metastable
state leading to the doubly excited sp, 2n™ autoionization
series (Fang and Chang, 1997). The calculated ¢

parameter of the sp,2n" series varies from a large
positive value for the 2% state to a negative value of —8
for the 3% state. It returns to a positive value of 3.15 for
the 5 state after it reaches a near-zero value of 0.02 for
the 4+ state, resulting into a sp, 24! P window resonance
shown in Fig. 9. The photoionization from the 1s2s'S
metastable state leading to the sp,22*!'P resonance is
dominated by the one-electron ls—2p transition. All
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other 1s25s'S—sp,2n™! P transitions involve the orbital
change of both electrons and the cross sections for
transitions to the 3" or higher states are considerably
smaller than the ones to the 2% state. The total transition
amplitude F/‘, from an initial state i to a final state f is
dominated by a direct 2s—>¢p B-C transition. From
Eq. (3), the cross section ¢ is proportional to |Ff‘i|2 and
inversely proportional to the square of the amplitude 4
of the effective oscillating function of the outgoing
ionized electron, i.e.,

|3
~

(19)

Accordingly, the zero cross section can be linked directly
to the zero in Fftl and the peak of the resonance should
be located at or near the minimum in A2, The resonance
structure is represented by a negative g-parameter when
the zero in Ff‘l is located on the higher energy side of the
minimum in A42. In contrast, if the zero in Fj}-,. is located

on the lower energy side of the minimum in 42, the ¢-
parameter should have a positive value. In addition, the
window resonance can be linked to a zero in F;i at an
energy where A4? approaches a minimum. Fig. 10
presents the total transition amplitudes F/‘, for the
152s'S —sp,2n*t!' P photoionization (the solid curve)
and A2 (the dotted curve) as functions of the photoelec-
tron energy. Although both Ff‘l. and 4% vary only
modestly along the sp,2nt! P series, a small change in
the relative position of the zeros in Fj}; and the minima in
A? result in a strong variation in structure profile along
the sp, 2nt! P autoionization series shown in Fig. 9.

3.3. Photoionization leading to multiple continua

Non-relativistically, at an energy between the first and
second ionization thresholds, the spectra of a light
alkaline-earth atom leading to a single channel photo-
ionization are dominated by two strongly energy-
dependent doubly excited asymmetric autoionization
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series, one broad and one narrow in width, due to the
simultaneous change of electronic orbitals of two outer
electrons. At an energy above the second ionization
threshold, in contrast, the width of a doubly excited
resonance is usually broader than the narrow resonances
below the second ionization threshold, in part due to the
presence of multiple ionization pathways. The resonance
profiles for the overlapping doubly excited autoioniza-
tion series are expected to be less regular due to the
interference between transitions into multiple ionization
channels.

In a recent BSK calculation (Fung et al., 2001), three
doubly excited autoionization series, i.e., 4snp, 3dnp and
3dnf' P between the Mg 3p>P and Mg'4s%S thresholds,
shown schematically in Fig. 1 of Fung et al. (2001), were
studied in detail. The calculated BSK ground state
photoionization cross sections of Mg from 78.5 to
88.5 nm, shown in Fig. 11, are in good agreement with
the measured photoabsorption cross sections. One of the
more interesting findings of the BSK calculation is a
hidden 3p4d'P resonance near 83.5 nm. Its presence,
visually missing both in theoretical and experimental
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1997).

total cross section spectra, is present clearly in the
theoretical partial cross section spectra at least in two of
the ionization channels (i.e., 3pes and 3ped' P) shown in
Fig. 5 of Fung et al. (2001). In addition, the BSK
calculation shows clearly that the 3p4d' P resonance can
be identified unambiguously if the photoionization is
originated from the bound excited 3s4s'S state (Fig. 6 of
Fung et al., 2001).

As expected, the resonance structure profiles above
the second ionization threshold, even for ground state

photoionization, vary substantially along the same
autoionization series (see, e.g., Fig. 7 of Fung et al,,
2001). When the resonances are well separated, a simple
estimate of the effective principal quantum numbers
against the 4s and 3d thresholds, based on the observed
spectra, is sufficient to identify the individual member of
the resonance series. But, when two or more resonances
overlap substantially in energy, a detailed theoretical
analysis is needed for an unambiguous identification of
the individual resonances. Above the Mg 3p threshold,
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from the estimated effective principal quantum numbers
of the 4svp and 3dvf series against the 4s and 3d
thresholds, respectively, suggest that there should exist
one member from each of these two autoionization
series at an energy close to 77.6 nm. However, both
observed and theoretical spectra presented in Fig. 7 of
Fung et al. (2001) show the presence of only one
asymmetric resonance structure visible near 77.6 nm. A
detailed analysis based on the BSK calculation confirms
a nearly degenerate overlap between a broad 3d5f and a
narrow 4s8p resonances near 77.6 nm. In fact, Fig. 12

shows that a narrow 4s8p resonance can be identified
from the 3pes partial cross sections spectrum. This
narrow resonance is located near the center of a broad
3d5f resonance, leading to an appearance of a single
resonance in the total cross section. The close proximity
of these two resonances can also be seen from the energy
variation of the sum of the eigenphase shifts over all
eigenchannels, #,,,. Fig. 13 shows, unlike the increase in
Mot @ Value of @ for all other resonances, an increase of a
value close to 27 in n,, between E = —0.496Ry and
—0.489Ry (i.e., at wavelengths centered around 77.6 nm)
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due to the presence of the overlapping 3d5f and 4s8p
resonances.

The BSK results discussed above have also been
confirmed recently using the BSCR method (Fang et al.,
2002). As we pointed out earlier, the success of the
BSCR method depends critically on the stability of the
decay factor f as the complex argument 0 varies. Fig. 14
shows the variations of E, and I" of the Mg 4s4p' P and
3d4p' P resonances at 0 = 0.4 radians as f§ changes from
0.7 to 0.84. The resonance energy E; and the resonance
width I', determined at ff = 8, according to Eq. (16),
stay essentially the same as 6 varies. The results from
both the BSK and BSCR methods are generally
consistent with other existing theoretical calculations.

Detailed numerical data are listed in Table 1 of Fang
et al. (2002).

4. Concluding remarks

We have demonstrated in this paper that the B-spline-
based methods, as we envisioned over a decade ago,
have indeed offered an effective theoretical approach in
the study of atomic photoionization dominated by two
strongly interacting outer shell electrons. Its ability to
interpret quantitatively the individual transition based
on the explicit wave function information extracted
from massive configuration interaction calculation has
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made it a very attractive alternative to other theoretical
approaches.

For a more complicated divalent atom, such as C and
Si, the energy required for transitions from the ground
state to low-lying excited states with a inner shell
vacancy is relatively small in comparison with other type
of inner shell process. For example, the excitation energy
for Si atom from its 3s>3p?3 P ground state to the highly-
correlated 3s3p33D excited state is approximately 6.0 eV.
(The 3s3p®3D state is mixed strongly with the 3s?
3p3d3D and 3s?3p4d3D states located at about 6.7 and
7.1 eV above the ground state, respectively.) As a result,
an optimized CI wavefunction, with configurations
representing three or more excited orbitals from two
subshells, is needed to account for transitions involving
three actively interacting electrons. The inclusion of such
configurations also offers the opportunity for an explicit
estimation of the contribution to the transition ampli-
tude from long range core-polarization. Extension of the
B-spline-based approaches for such a transition is
currently in progress. A recent BSCI application, which
includes explicitly configurations corresponding to three
excited orbitals, to the fine structure level splittings of
four electron systems have yielded very good results that
are substantially better than a similar BSCI calculation
limited only to two excited orbitals.

The emphasis on the quantitative estimations of the
multi-electron interactions requires well-planed numer-
ical efforts. We estimate an increase of about one order
of magnitude in computational effort for every addi-
tional excited orbital included explicitly in the theore-
tical calculation. With recent rapid advance in
inexpensive PC cluster and a relatively simple numerical
algorithm required in the B-spline-based approaches, we
anticipate a manageable computational effort as we
move to a detailed investigation of atomic transitions
involving the active participation of more than two
electrons.
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